The topic of plasma resonance in Bi 2 Sr 2 CaCu 2 O x ͑BSCCO͒ single crystals has recently attracted a lot of interest. [1] [2] [3] [4] [5] [6] [7] [8] [9] It is generally agreed that the model for such a system is very similar to that of stacked Josephson junctions. For the theoretical understanding, two different coupling mechanisms for coupling between layers have been proposed, the charge coupling model 2, [5] [6] and the inductive coupling model. 10, [8] [9] In this paper we demonstrate analytically and numerically within the framework of the inductive coupling model, that half harmonic generation in stacked Josephson junctions obtained by pumping at a frequency twice the plasma frequency, is possible. The mechanism we investigate here has all the characteristic features of parametric subharmonic generation known from small area Josephson junctions, and thus for example can be utilized to make parametric amplifier at several hundred gigahertz with high impedance. In addition, of course, the observation or nonobservation of such an effect may be used as a diagnostic tool to distinguish between the different models for BSCCO plasma resonance.
In order to derive the equations for parametric half harmonic generation in the anisotropic layered superconductor BSCCO a brief discussion of the stacked Josephson junction plasma resonance in the framework of the inductive coupling model 8, 9 is necessary. In Refs. 8 and 9 it was shown that a system of (Nϩ1)-superconducting layers having N coupled Josephson junctions, has N different plasma frequencies, of which only some can be observed with an external rf signal. Among those N different plasma frequencies, one deserves special attention-the so-called in-phase mode plasma frequency. For any number of stacks N, this particular plasma frequency has the highest value among all the possible plasma frequencies, and is characterized by having all N junctions oscillating in phase. 8 This mode was derived analytically for the cases Nϭ2, Nϭ3 in Ref. 8 and numerically for Nӷ1 in Ref. 9 . For Nϭ2 it was demonstrated that for this mode the voltage of the two junctions were identical and that these voltages had properties very similar to the single junction case. This information will be utilized below in deriving the plasma resonance half harmonic generation for the Nϭ2 case. By analogy ͑and proven by numerical simulation͒ we will deduce that the phenomenon also exist for large N. 
where , Q, and I B are vectors whose ith components are the phase difference ü Ϫ1 , the dimensionless junction current Q ü Ϫ1 and the bias current I B,ü Ϫ1 of the ith junction. D is the matrix expressing the inductive coupling, and ⌳ J and J are diagonal matrices for the Josephson penetration length and the maximum Josephson current, respectively. The details of these quantities may be found in Refs. 9 and 10. Here we will specialize to the case of Nϭ2 and consider only the in-phase mode defined by 10 
Ͼc (1) , J 2 is the effective two-junction-Josephson penetration depth. The normalized bias current 0 ϩ rf cos(⍀t ϪKx) consists of a dc part 0 and a time-dependent part, which also has a spatial dependence. The use of an rf current drive term may not always be justified in a long Josephson junction, where in many cases the coupling of rf fields takes place through the edges of the junction, i.e., with boundary conditions in Eq. ͑2͒. The use of an rf current term is justified to be able to use the analytical results from small junctions. We have tried numerically to use rf magnetic-field boundary conditions instead and found the half harmonic generation in roughly the same parameter region.
Following the ideas of the much simpler problem of a single small Josephson junction discussed in Ref. 11 , we assume a solution for the in-phase mode (ϭ 10 ϭ 21 )
where we assume 1 Ӷ1 and ␦Ӷ1. For the components at dc, 0 , and at frequency ⍀, 1 , we get sin 0 Х 0 and
has ͑in unnormalized units, i.e., ϭ⍀ 0 and kϭK/ J
(1) ) a resonance at 2 ϭ 0 2 cos 0 ϩ͑c
i.e., at the plasma resonance for the in-phase mode as discussed in Ref. The possible values of k are related to factors such as the length of the junction and the applied magnetic field and will be discussed below.
The solutions to the Mathieu equation, Eq. ͑9͒, gives rise to the fundamental half harmonic generation subject to the condition aϭ1. In the limit (Qӷ1) this may be expressed as
and 1 tan 0 Ͼ2/Q.
Without the k 2 term, Eq. ͑11͒ just gives the well-known condition for half harmonic generation 11 in a small Josephson junction, when the applied frequency is twice the plasma frequency 0 ͱcos 0 and the applied rf amplitude is sufficiently large.
For the case investigated here the rf voltages not only have a frequency dependence with a ͑plasma͒ resonance, but also a spatial dependence with a geometric resonance. The fundamental, symmetric spatial resonance has kϭ2/l where l is the unnormalized length of the junction.
In general a symmetric spatial excitation will contain the fundamental spatial component k 0 ϭ2/l and higher harmonics. With an applied magnetic field or a spatially nonsymmetric current, nonsymmetric components with kϭk 0 /2 will also appear. We will not consider this case here, although a simple extension of our calculation can be made.
Since from Eqs. ͑2͒ and ͑8͒ both time and space appear we will expect the half harmonic generation to occur at the spatial resonance with k 0 ϭ2/l. Since the independent variable in the Mathieu equation is defined by 2zϭ⍀tϪKxϪ the fundamental spatial resonance is exited from a spatial component with kЈϭ2k 0 ϭ4/l. Inserting this in Eq. ͑11͒ we obtain the resonance condition for half harmonic generation in time and space
with kϭ2/l or equivalently 2 ϭ(2 p ) 2 , where p is the two-junction in-phase plasma frequency 8 defined by Eq. ͑5͒. In addition to Eq. ͑12͒, a threshold in the external rf power must be exceded ͓the second condition in Eq. ͑11͔͒. In our derivation above, the treatment of the time dependence was more complete than that of the space dependence. We note, however, that by including a full treatment of the spatial resonances 13 the same results could have been obtained in a formally more correct way. We have not done that in order to preserve clarity.
We note that our results obtained for the in-phase mode with Nϭ2 can be generalized to Nϭ1 by assuming ⌫ϭ1 in Eq. ͑2͒. We may also utilize the results of Ref. 8 to the case of the large Josephson stack (Nӷ1) in-phase plasma mode. For this case we must use
2 ϭdЈ/(dЈ ϩ2s). We assume-supported by numerical simulationsthat the parametric half harmonic generation for the in-phase plasma mode may take place for arbitrary N. Indeed, for N ϭ3 we found numerically half harmonic generation although the voltage amplitude of the middle junction is not the same as the top and bottom junctions. 14 The obtained analytical results have been tested in numerical simulations. In our simulations we have assumed a standing wave for the applied rf signal instead of a traveling wave. We note that the standing wave is the result of having a superposition of two waves with positive and negative k. Thus in our simulation we have assumed
We suspect that we could have introduced the necessary k dependence by having a nonuniform dc bias instead. This would have introduced the necessary spatial components. 15 The calculations were typically done in real units with parameters corresponding to either low T c niobium-type stacks or to high-T c BSCCO-type stacks. Thus in Fig. 2 the parameters are lϭ200 m, 0 ϭ0.7, the coupling factor S ϵs/dЈϭϪ0.79, RCϭ1ϫ10 10 s, and Nϭ2, leading to 0 ϭ337ϫ10 9 rad/s, 0 ͱcos 0 ϭ285ϫ10 9 rad/s, kc (2) ϭ305 ϫ10 9 rad/s at kϭ2/l, p ϭ417ϫ10 9 rad/s, i.e., p / 0 ϭ1.24, and QХ30.
In Fig. 2 we show for the drive frequency equal to twice the plasma frequency ͓Eq. ͑12͔͒, i.e., ⍀ϭ2.48, the time dependence of for the in-phase mode (ϭ 10 ϭ 21 ) in the center and at the edge of the junctions. Figure 2͑a͒ shows a case just below threshold ( rf ϭ0.6) and Fig. 2͑b͒ shows the case above threshold ( rf ϭ1.2). We note that the half harmonic generation is clearly visible. We also note that the simple threshold condition in Eq. ͑11͒, 1 tan 0 Ͼ2/Q, in principle cannot be used directly, since the applied rf signal and the rf voltage varies over the junction. Nevertheless in the numerical simulation we can make an estimated spatial average of 1 . For Fig. 2͑b͒ we find 1 Ϸ0.1, in rough agreement with the threshold condition in Eq. ͑11͒. Also the smallness condition 1 Ӷ1 from Eq. ͑3͒ is clearly satisfied. Because of the basic properties of the Mathieu equation, giving exponentially growing solutions in time and space above the threshold, the other smallness condition in Eq. ͑3͒, ␦ Ӷ1, is not satisfied above threshold, only below and just below. 11, 12 We also note from Fig. 2͑b͒ that at the junction edge, the generated half harmonic component is completely dominant, while at the center, a component of the external drive frequency may still be seen. The reason for this may be understood again from the basic properties of the Mathieu equation. Above threshold spatial excitations of the form e kx , which is most dominant at the edge, will appear. The spatial pattern of the phase ͑or equivalently the rf voltage͒ is of course complicated, and we will not discuss the details here. Figure 3 shows, however, an example of the spatial patterns corresponding to the situations below and above threshold as shown in Fig. 2 . The parameters are those of Fig. 2 , and the curves correspond to different times during a period of the external drive ͑the traces are shown for 2 ps time intervals͒. We notice from Fig. 3͑b͒ -in accordance with the prediction of the Mathieu equation-the strong appearance of the halfharmonic spatial component, when compared to Fig. 3͑a͒ .
The parameters used in the simulation correspond to identical junctions. We have tried to vary the parameters to have dissimilar junctions in the stack ͑typically 10% difference͒. We found that the half harmonic generation was rather insensitive to such a change. This is, of course, important for an experimental confirmation. In low-T c niobium stacks and in bulk BSCCO single crystals a 10% difference should be realistic. In BSCCO thin films the spread may be larger.
We further note that the spatial dependence of the phase is essential, as was also found for the plasma resonance. 8 If we assume a uniform rf drive in Eq. ͑13͒, half harmonic generation at the plasma resonance, such as that shown in Figs. 2  and 3, is not observed. Only at ⍀ϭ1.69,( rf ϭ0.4) sponding to the well known kϭ0 case 11 for small junctions, half harmonic generation may be observed.
Finally, Fig. 4 shows the threshold region in the ⍀ versus rf plane for half harmonic excitation at the in-phase stack plasma resonance defined in Eq. ͑5͒. We note the threshold region is in full qualitative agreement with Eqs. ͑12͒ and ͑13͒ and rather similar to that of Ref. 11 . Excitations corresponding to higher order excitations of the Mathieu equation are expected to also exist in Josephson stacks. The mixture of spatial and frequency resonances may also give rise to new modes. Likewise it is possible that other plasma resonance modes than the in-phase modes may show a similar behavior, but we estimate that analytic results for this case are much more difficult to obtain than for the inphase modes.
We have demonstrated analytically and numerically the existence of half harmonic excitations in stacked Josephson junctions. The phenomenon could offer a possibility to make high-frequency ͑hundreds of Gigahertz͒ electronic components employing the Josephson effect in high-T c single crystals of the BSCCO type. At the same time the phenomenon and its extension to higher-order modes has some nonlinear features with coexisting time and space excitations. Extension of our work to other plasma modes and higher drive levels is likely to reveal a whole new world of space-time nonlinear excitations.
